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1. Introduction

In systems with states localized by the disorder, transport at low
temperatures is by hopping, i.e., jumps between localized states.
At very low temperatures, it is often observed a regime with an
activation energy that decreases as the temperature decreases,
which is referred to as variable-range hopping (VRH). Mott[1]

proposed that VRH is due to a trade off between the spatial
and the energy penalties in the transition rates between
states. If the temperature is very low, electrons prefer to jump fur-
ther than they would do otherwise to find a site with low energy and
minimize in this way the energy penalty. Mott obtained the expres-
sion for the conductivity in the noninteracting case, and Efros and
Shklovskii[2] extended Mott’s argument to interacting systems.

To obtain realistic values of the parameters involved in the
VRH model a mapping of the dynamic of localized systems to
a random resistor network (RRN) was developed[3] and percola-
tion theory was applied to this model.[4]

Given the complexity of the problem and the fact that RRN and
percolation theory do not take into account important correlations,
numerical simulations were established as the main tool to study

VRH. Early simulations were indirect,[5,6]

due to the computer capabilities at the time.
Since the design of an efficient kinetic
Monte Carlo algorithm due to Biham and
first used in ref. [7] in 2002, extensive sim-
ulations have been performed. In next sec-
tions, we will review simulations that
directly measure DC conductivity in differ-
ent VRH regimes, but Monte Carlo has been
also applied to other related problems: AC
response,[7] nonlinear effects,[8] long-time
relaxation,[9] and off-equilibrium ageing
dynamics.[10,11] All these works were

restricted to 2D systems, trying to avoid finite-size effects due to
computer limitations. Also, the analysis of 3D systems is harder
because the formation of a percolation network introduces a
non-negligible prefactor in the VRH law. Only recently, with the
increase in computer capabilities, VRH conductivity in 3D systems
has been obtained with kinetic Monte Carlo. We can expect to have
more new studies in 3D systems in the near future. In this work,
we review previousMonte Carlo simulations in 2D and 3D systems
and also present some new results.

Both Mott’s law and Efros and Shklovskii’s law have been
observed inmany different types of materials and the list continues
growing. Typical examples of Mott’s law were reported in amor-
phous Si[12] and Ge,[13] and in indium oxide.[14] There is a huge
number of experiments observing Efros and Shklovskii’s law in
many types of materials, including doped Si,[15] gallium arse-
nide,[16] and cadmium telluride.[17] In the most emblematic cases,
the conductivity extended over more than eight orders of magni-
tude[12,13] and the ratio of the characteristic temperature T0 to the
minimum temperature observed has reached a value of the order
of 104.[14,17–20] A critical review of experiments closed to the metal–
insulator transition was done in ref. [21]. VRH laws are useful to
extract microscopic material parameters, such as the localization
length, for which a proper knowledge of the numerical coefficients
of the different characteristic temperatures is important.

In the next section, we describe the model used and the main
elements needed to understand VRH behaviour. Then we pres-
ent the numerical techniques employed to simulate the different
VRH regimes. In Section 4, we review the main numerical
results in the literature and compare the characteristic temper-
atures obtained for the VRH laws.

2. Hopping Conduction

The first ingredient to understand VRH transport are the transition
rates, usually assumed to be due to the electron–phonon coupling,
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between the states. For interacting systems, these rates can connect
states differing by the occupation of a single particle or by many
particles. Another element needed to understand transport is how
the hopping rates between states combine to give a finite
conductance. Before discussing these elements, we specify the
Hamiltonian often used in hopping conduction.

2.1. Model Hamiltonian

Most calculations of hopping conduction assume the tight-
binding Anderson Hamiltonian[22]

H ¼
X
i

εini þ
X
i<j

ðni � KÞðnj � KÞ
rij

(1)

where εi is the random energy on site i, ni is the occupation
number of site i, rij is the distance separating sites i and j,
and K is the compensation (ratio of occupied sites over total num-
ber of sites). The site energies εi are randomly distributed in the
interval ½�W=2,W=2�, where W is the strength of the disorder.
The transfer energy t is taken into account only to the lowest
contributing order, i.e., is not considered in the calculation of
energies, and transition rates are proportional to it. The
Hubbard energy is assumed much larger than the other energies
and is accounted for by allowing only occupation of sites by zero
or by one electron. Spin is neglected since exchange energies are
proportional to t2.

2.2. Hopping Transition Rates

We assume that states are localized by disorder and have a local-
ization length ξ. The transition rates between localized wavefunc-
tions of noninteracting systems were calculated by Miller and
Abrahams.[3] The transition rate for a one-electron hop between
states i and j is

Γi,j ¼ τ�1
0 exp � 2ri,j

ξ

� �
min

"
exp �ΔEi,j

kT

� �
, 1

#
(2)

where τ�1
0 is a system-dependent constant of the order of the

phonon frequency 1012 S
�1, ri,j is the distance between the

centres of the states, and Ei,j their energy difference.
In the presence of interactions, simultaneous hops can be

important at very low temperatures. A calculation of the many
electron transition rates in the strongly localized regime was
done by Pollak[23] and by Gosar.[24,25] The transition rate for
an n-electron transition between configurations I and J is approx-
imately given by

ΓI,J ¼ τ�1
0 γn�1 exp

�2rI,J
ξ

� �
min

�
exp �EI,J

kT

� �
, 1
�

(3)

where rI,J is the minimized sum of the distances of the constit-
uent n electron transitions. The quantity γ is a measure of the
importance of the Coulomb interaction energy.

2.3. Random Resistor Network

In the linear response regime, conductivity can be calculated
from the rate equation. Miller and Abrahams[3] showed that if
correlations are not important the problem can be mapped to
a RRN, where each pair of sites is connected by a resistance
related to the corresponding transition rate. If the energies
involved are larger than kT, the effective resistance between
two states is given by

Rj,k ¼
kT

τ�1
0 e2

exp
Ej,k

kT

� �
exp

2rk,j
ξ

� �
(4)

When the two sites are on opposite sides of the Fermi
energy (we assume μ ¼ 0) Ej,k ¼ jEj � Ekj and otherwise
Ej,k ¼ maxfjEj � μj, jEk � μjg.

Agam and Aleiner[26] studied memory effects in hopping per-
colation and concluded that the effective resistance of transitions
between states at different sides of the Fermi level is diminished
with respect to transitions between states on the same side of the
Fermi level.

In the presence of interactions, correlations cannot be
neglected, specially when simultaneous transitions are impor-
tant. In this case, the previous RRN does not make sense, but
one can still map the problem of the conductance onto an
alternative RRN in which each node corresponds to a configura-
tion and the resistor between to of them represents a transition
between configurations.[27,28]

2.4. Variable-Range Hopping

In the upper temperature range of hopping conduction,
electrons follow the shortest possible path, since the energy
penalty in the transition rates or in Equation (4) is smaller than
the spatial penalty. In this case, conduction is activated. At low
temperatures, carriers prefer to jump longer as T decreases to
minimize the energy penalty and this regime is called VRH.
The mechanism was proposed by Mott for noninteracting
systems and extended by Efros and Shklovskii to interacting
systems.

2.4.1. Mott’s Law

Mott [1] proposed that electrons minimize the exponent in
Equation (4) by increasing their hopping length as temperature
decreases. The current carrying path thus varies with tempera-
ture, as it does the activation energy. Assuming a constant
density of states (DOS) near the Fermi level, NðEFÞ, he arrived
to the following expression for the conductivity

σ ¼ AðTÞe�ðT0=TÞ1=ðdþ1Þ
(5)

where d is the dimensionality of the system and T0 a character-
istic temperature given by

T0 ¼
αd

kNðEFÞξd
(6)
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where α3 ¼ 24=π � 7.6 and α2 ¼ 1 for this simple minimization
procedure.[29] A percolation method arrived at α3 ¼ 22.2 and
α2 ¼ 13.8.[4]

The prefactor AðTÞ depends on the details of the problem, in
particular on the electron–phonon coupling. For simplicity, it is
usually assumed to be either constant, since many experimental
observations are compatible with it, or a power–law dependence
of temperature.

2.4.2. Coulomb Gap

To understand VRH in the presence of interactions, we must
review first the concept of the Coulomb gap. Pollak[30] showed
that interactions in strongly localized systems induce a depletion
in the one-particle DOS, NðEÞ, which was termed the Coulomb
gap. Efros and Shklovskii[2] found that the DOS must be zero at
the Fermi level and the precise form of the gap by the following
argument.

In the strongly localized regime, site energies Ei are defined as
the random site energy at site i plus the interaction energy with
the charges on all the other sites

Ei ¼ εi þ
X
j 6¼i

nj � K
ri,j

(7)

The excitation energies of the system can be expressed in
terms of Ei of (7) as

ΔEj,i ¼ Ej � Ei �
1
ri,j

(8)

The third term on the right-hand side is the electron–hole
interaction.

For the ground state to be stable, any transfer of an electron
from an occupied state to an empty one must increase the
system’s energy

ΔEj,i > 0 (9)

This equation results in a minimum possible separation between
occupied and empty sites which produces the Coulomb gap, a
decrease in the DOS given by

NðEÞ ∝ jE � μjd�1 (10)

for d > 1. Energies are measured from the Fermi level. For the
1D case, a self-consistent treatment by Raikh and Efros[29] arrived
at a logarithmic dependence of NðEÞ on energy, confirming
previous numerical results by Möbius and Richter.[31]

In quasi-2Dmaterials with very large dielectric constants κ, the
field lines tend to stay within the film, which results in an
approximately logarithmic interaction[22,32]

VðrÞ � e2

2πε0κd
ln

κd
r

(11)

Extending Efros and Shklovskii’s argument for the Coulomb
gap to this interaction, one obtains a DOS growing exponentially
with energy, starting from an exponentially small value at the
Fermi level.[33,34]

2.4.3. Efros and Shklovskii’s Law

Efros and Shklovskii assumed that the main effect of interactions
on VRH conduction is to alter the DOS through the appearance
of the Coulomb gap. They applied Mott’s argument for VRH
to a DOS given by Equation (10) and arrived at a conductivity
of the form

σ ¼ AðTÞe�ðTES=TÞ1=2 (12)

with an exponent independent of the dimension. In this case, the
characteristic temperature is given by

TES ¼ βde2

kξ
(13)

where βd ¼ 1 for Mott’s argument. In this case, one only consid-
ers the effect of Coulomb interactions via the energy dependence
of the DOS, neglecting the distance dependence of the hopping
energy, but once this is taken into account the final results are
similar if the DOS is given by (10).[35] Applying percolation
theory, leads to β3 ¼ 2.8[36] and β2 ¼ 6.5.[37]

2.4.4. Activated Conductivity

Arrhenius, or activated, behavior is found in the electronic
transport of many insulators, corresponding to a conductivity
of the form

σ ¼ AðTÞe�Ta=T (14)

where Ta is the activation temperature. It is normally observed
in the high temperature end of hopping and is associated
either with a bandgap or with nearest neighbor hopping.
Experimentally however, specially in systems close to the super-
conductor to insulator transition, activated conduction is found at
very low temperatures,[38–41] implying a VRH mechanism.

Extending Mott’s VRH argument to the exponential DOS cor-
responding to the interaction given in Equation (11) results in an
activated conductivity with logarithmic corrections,[22,42] which
can be included in the pre-exponential factor in Equation (14).
The activation energy is proportional to the charging energy

kTa ¼ γ
e2

2πε0κd
(15)

The proportionality constant γ has to be obtained numerically.

3. Numerical Methods

The most important method in the calculation of VRH conduc-
tion has been the kinetic Monte Carlo approach, which can be
applied equally well to both noninteracting and interacting
systems. A second possibility, neglecting correlations, is to solve
Kirchhoff ’s equations for the RRN. For interacting systems, one
can obtain a set of low-energy many-particle states and from it
calculate the conductivity by a percolation approach.
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3.1. Monte Carlo Algorithms

Almost all Monte Carlo approaches up to date have only consid-
ered single-electron transitions. The most direct approach is to
choose a pair of sites at random with equal probabilities and if
one site is occupied and the other empty the transition is
performed with probability proportional to the transition rate,
Γi,jδt. The transition rate is given by Equation (2) with the energy
difference including the effect of the electric field F

ΔEi,j ¼ ΔEi,j nof ield � Fðxj � xiÞ (16)

where xi is the coordinate of the center of state i along the direc-
tion of the field. To be in the linear regime, we must have
Fξ � kT . In practice, it is usual to choose an electric field an
order of magnitude smaller than kT . The proportionality
constant δt is a small time interval such that the maximum
acceptance probability is smaller than one. The physical time
associated to this Monte Carlo step is

Δt ¼ δt
NðN � 1Þ (17)

where NðN � 1Þ is the total number of pairs of sites.
An efficient alternative to the previous direct procedure was

used in ref. [43]. One chooses a pair of sites i and j with a
probability proportional to the factor expf�2ri,j=ξg, which can
be calculated once for all, and then accept or reject the transition
according to its energy factor. The physical time of one step is

Δt ¼ τ0

�X
i

X
j 6¼i

expð�2ri,j=ξÞ
��1

(18)

This approach is quite efficient in the VRH regime, since there
are no rejections due to the spatial part of the transition rates.

Besides one-electron transitions, one can consider a certain
subset of two electron hops, which must cover a large range
of hopping distances, since the critical hopping distance will
increase with decreasing T.[44]

3.2. Random Resistor Networks

In the RRN approach, the conductivity is calculated by solving
Kirchhoff ’s law for the highly connected set of resistances
between pairs of states. This can be solved by inverting the
conductance matrix A, defined as

Ai,j ¼ Gi,j �
�X

k 6¼i

Gi,k

�
δi,i (19)

where Gi,j ¼ 1=Ri,j is the conductance between a pair of
states. The vector formed by the potential at each site V ¼
ðV1,V2, : : : ,VnÞT is given by

V ¼ A�1I (20)

where I is the vector formed by the net current at each node,
which must be equal to zero for nodes in the bulk and to
V0Gi,j for nodes connected to links crossing a virtual plane where
we assume that an external potential V0 is applied. Once we

obtain the potential at each site, the conductivity of the system
is calculated by dividing the total current crossing the virtual
plane mentioned above by V0.

3.3. Percolation Approaches

Simultaneous transitions of many electrons should dominate the
conductance process at very low temperatures, although there is
debate of whether experimental results at low T are already in this
regime. An approach based on percolation in configuration space
has been developed to consider many-electron transitions. It
starts from a set, as complete as possible, of low-energy config-
urations,[28,45] and then calculates the effective resistances
between them, given by the extension of (4) to many-electron
transitions. To obtain the current carrying path, one considers
a small resistance and constructs the clusters formed by config-
urations connected by resistances smaller than the one consid-
ered. The transitions crossing a given virtual boundary are
labelled according to their net charge traversing the boundary.
The resistance is increased until percolation is established in
one of the clusters, which occurs when there is a closed path
in configuration space with a net charge transfer across the
boundary. The procedure is repeated for different temperatures.

3.4. Capacitance Network

To calculate the conductivity in the 2D-activated regime, we can
use the Monte Carlo technique previously described, but one has
to ensure that the interaction is consistent, meaning that the
charging energy and the long-range part of the interaction are
compatible. An efficient way to do so is through a capacitor
network, where one assumes that the electric field lines mostly
go from one of our sites to another site. One can think of the sites
as grains close one to each other.[46]

Grains are randomly distributed and the corresponding
junction network without crossings can be constructed using
a Delaunay triangularization algorithm.[47] Each pair of grains
is linked by a capacitance Ci,j, extracted from a random distribu-
tion with average equal to C. The leakage of field lines to outside
the system can be taken into account through capacitances to the
ground, C0, and we assume C0 � C.

The plates of each capacitor carry opposite charges equal to

qi,j ¼
X
j

Ci,jðVi � VjÞ (21)

and the total charge on each site Qi is the sum of the charges on
the plates of the capacitors connected to it, Qi ¼

P
j qi,j. The

capacitance matrix ℂ has components equal to

½ℂ�i.j ¼
 X

k 6¼i

Ci,k

!
δi,j � Ci,j (22)

and its inverse ℂ�1 plays the role of an interaction matrix. The
charging energy al site i is equal ℂ�1

i,i =2. One reproduces the
results of the continuous limit, by identifying the screening
length with ∧ ¼ κd ¼ r0

ffiffiffiffiffiffiffiffiffiffiffiffi
C=C0

p
, and choosing C ¼ ε0κd and
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C0 ¼ ε0r20=ðκdÞ, where r0 is the average distance between
nodes.[48]

4. Results

Both Mott’s law and Efros and Shklovskii’s law have been repro-
duced by numerical simulations in 2D and 3D systems. In
Table 1, we summarize the main results of these simulations.
The type of VRH law studied is indicated in the first column.
In the second column, we show the proportionality constant
α, appearing in Mott’s law, Equation (6), or β, appearing in
Efros and Shklovskii’s law, Equation (13), or γ, appearing in acti-
vated VRH, Equation (15), obtained by the simulations. In the
third column, we present the value of the pre-exponential power
law whenever this is (observed and) calculated. In the fourth and
fifth columns, we report the numerical method and the size of
the system employed, respectively. In the last column, we give
the corresponding reference. We comment on the main results
of the simulations separately for 2D and 3D systems.

4.1. 2D systems

For computational reasons, simulations of VRH in 2D systems
have been more frequent than for 3D systems and they have pro-
vided us with most of the knowledge we have about conduction
mechanisms in hopping. There was a significant number of
these studies between 2002 and 2006.

4.1.1. Mott’s Law in 2D

Tsigankov and Efros did the first “modern” calculation of Mott’s
law (mainly to compare with Efros and Shklovskii’s law) and
found a proportionality constant α2 ¼ 13.0, close to the percola-
tion prediction, assuming a pre-exponential factor of the form
T�1. They employed for the first time the method of storing
all the pairs with probabilities proportional to their correspond-
ing spatial factor.

Pasveer et al.[49,50] analyzed 2D systems with the master equa-
tionmethod, linearising the occupation probabilities with respect
to the value at the equilibrium configuration and neglecting cor-
relations. Their simulation showed a correct Mott’s law, although
they did not provide an α2 value. They compared with a percola-
tion analysis, which for their results produces α2 < 6.04. These
authors presented a scaling theory for the current distribution of
links as a function of the hopping distance and energy. They also
argued that current fluctuations are intrinsic to VRH.[50]

Kinkhabwala et al.[51] in a large simulation studied both
conductivity and shot noise in Mott’s regime. They obtained
α2 ¼ 2.0� 0.2 and a prefactor proportional to T0.68. Kinetics
in this work uses a τ0 in Equation (2) that depends on energy,
as certainly should be expected in real phonon-activated
systems.[4] This energy dependence should not affect the value
of α2, at least at low temperature, but as this work is getting a
rather low value, we believe that a direct comparison with other
works is difficult.

In this contribution, we have calculated the conductivity using
the RRN approximation for noninteracting 2D systems. The

Table 1. Main results of numerical simulations. First column: type of VRH law observed. Second column: values of the proportionality constants α,
appearing in Mott’s law, and β appearing in Efros and Shklovskii’s law obtained by numerical simulations. Errors not shown when not available on the
original reference. Third column: dependence of the pre-exponential factor with temperature. The fourth column refers to the numerical method
employed and the fifth to the system size. Last column: abbreviation of the reference.

2D

Regime α/β/γ Prefactor Method Size Reference

Mott 13.0 T�1 Monte Carlo 200� 200 Tsigankov 2002[7]

<6.04 – Master equation 100� 100 Pasveer 2005[51]

2.0� 0.2 T0.68 Monte Carlo 80� 50 Kinkhabwala 2006[53]

7.52� 0.06 T�1 RRN 100� 100 This work

E-S 5.8 T�1 Monte Carlo 200� 200 Tsigankov 2002[7]

7.2 – Percolation 50� 50 Somoza 2006[29]

6.5�1.0 – Monte Carlo 160� 160 Nguyen 2006[55]

1.4�0.3 T1.02 Monte Carlo 80� 50 Kinkhabwala 2006[53]

Activated 1.1 – Monte Carlo 50� 50 Kaplan 2003[56]

0.9 – Monte Carlo 50� 50 This work

3D

Regime α/β Prefactor Method Size Reference

Mott <10.24 – Master equation 50� 50� 50 Pasveer 2005[51]

3.6�0.2 T0.36 Monte Carlo & RRN 20� 20� 20 Estelles 2021[57]

E-S 3.40�0.02 T�0.56 Monte Carlo L3 ¼ 2000 Roca-Gonzalez 2018[59]

3.2�0.2 T�0.35 Monte Carlo 20� 20� 20 This work

www.advancedsciencenews.com www.pss-b.com

Phys. Status Solidi B 2022, 259, 2100340 2100340 (5 of 10) © 2021 The Authors. physica status solidi (b) basic solid state physics
published by Wiley-VCH GmbH

 15213951, 2022, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/pssb.202100340 by Spanish C

ochrane N
ational Provision (M

inisterio de Sanidad), W
iley O

nline L
ibrary on [22/11/2022]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.pss-b.com


results are shown in Figure 1, where we plot σT on a semiloga-
rithmic scale as a function of ðW=TÞ1=3. The statistical error bars
are smaller than the size of the points on the graph. We note that
a good Mott’s law is obeyed with α2 ¼ 7.52� 0.06.

We consider that for noninteracting 2D systems, the most
reliable simulation to determine α2 is the one done by
Tsigankov and Efros,[52] as RRN and master equation treatments
neglect correlations. Nevertheless, taking a deeper look to their
data, we appreciate that their fit to a Mott’s law can be improved
by removing some data points for the higher temperatures. By
doing so, we obtain a fit with α2 ¼ 10.6� 0.4. This value is close
to most of other calculations and we think is the best estimate up
to date, although new simulations in a lower temperature range
would be interesting.

4.1.2. Efros and Shklovskii’s Law in 2D

Tsigankov and Efros did also the first large Monte Carlo calcula-
tion of VRH in interacting 2D systems and they confirmed Efros
and Shklovskii’s law with a proportionality constant β2 ¼ 5.8,
using a prefactor of the form T�1, in good agreement with per-
colation predictions. They considered certain two-electron tran-
sitions and concluded that their contribution to the current was
negligible.

Somoza et al.[28] studied the conductivity of 2D interacting
systems by a percolation procedure in configuration space.
They first obtained a large number of low electron configura-
tions, calculate the transition rates between them and apply per-
colation in configuration space starting from the larger rates until
a continuous path in real space is reached. They noted that the
number of electrons involved increases with decreasing temper-
ature. They got a proportionality constant β2 ¼ 7.2 for single-
electron jumps. When many-electron hopping is allowed TES

decreases leading to β2 ¼ 5.2. There is a reduction of the order
of 15%, which is relatively small, at least in 2D systems. A previ-
ous similar study[53] arrived to a much smaller value of β2, about
an order of magnitude smaller than one-electron calculations. In

contrast, Somoza et al.[28] concluded that many-electron
transitions are crucial for energy relaxation.

Nguyen et al.[54] obtained a value of β2 ¼ 6.5� 1 for the Efros
and Shklovskii’s law. They applied a gate to the system to screen
the Coulomb interaction and showed signs of a crossover from
this law to Mott’s law at the high temperature range of VRH.

Kinkhabwala et al.[51] also extended their large numerical
simulations, with slightly different dynamics, to 2D interacting
systems and arrive at 2.8� 0.6 and at a large pre-exponential
factor, T1.02. In their study, they focused mainly on nonlinear
effects and shot noise.

Bergli et al.[44] studied the effects of the inclusion of some two-
and three-electron transitions on conductivity and on relaxation
by two complementary methods: a kinetic Monte Carlo algorithm
and a master equation in configuration space. They concluded
that these transitions are important in relaxation and do not
change much conductivity in the range of temperatures accessi-
ble by Monte Carlo simulations.

We believe that the most reliable value of β2 is still the one
reported by Tsigankov and Efros,[52] using a kinetic Monte
Carlo method, β2 ¼ 5.8.

4.1.3. Activated Behavior in 2D

Kaplan et al.[55] did a Monte Carlo simulation of frustrated single-
electron arrays, that can be mapped to 2D systems with very large
dielectric constant. They found a roughly exponential gap in the
DOS and an activated conductivity, in agreement with our previ-
ous arguments. They arrived to a proportionality constant
γ2 ¼ 0.9.

We have performed a simulation of 2D system of capacitors,
which as we have mentioned can adequately represent systems
with large dielectric constants. We obtained an activated behav-
ior, as can be seen in Figure 2, where we represent the conduc-
tivity versus 1=T for three values of the gate capacitance, C0. As
before, the statistical error bars are smaller than the points on the
graph. The activation energy increases as C0 decreases and
the screening length increases. From these results, we get
γ ¼ 0.9 lnð∧=0.2Þ. One can include disorder by considering

Figure 1. Conductivity as a function of ðW=TÞ1=3 for a 2D noninteracting
system. Symbols are the results of the simulations. The straight line is a fit
to Mott’s law with a constant pre-exponential.

Figure 2. Conductivity as a function of 1/T for a 2D system with logarith-
mic interactions for three values of the gate capacitance. Symbols are the
results of the simulations. Straight lines are fits to activated behavior.
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nodes with fixed charges at random, not contributing to the cur-
rent and creating a random on-site potential. Curiously enough,
disorder screens out the long-range part of the interaction and
produces a reduction of the activation energy.[46] A good estimate
for the parameter γ could be a mean between the two values
reported, i.e., γ � 1.0� 0.1.

4.2. 3D Systems

4.2.1. Mott’s Law in 3D

Numerical simulations of VRH in 3D systems have only been
performed relatively recently. The first proper simulation of
Mott’s law in 3D systems was done by Pasveer et al.[49,50]

They used the master equation and linearized the occupation
probabilities over the values at the equilibrium configuration.
They obtained another lower boundary for the parameter
α3 > 10.24. They span a small temperature range, so they could
not appreciate any temperature dependence of the
pre-exponential. These authors presented a scaling theory for
the current distribution of links as a function of the hopping dis-
tance and energy. They also argued that current fluctuations are
intrinsic to VRH.[50] Pasveer et al.[49,50] analyzed 2D systems with
the same method as 3D systems and obtained α2 ¼ 1.51� 0.03
and no pre-exponential factor.

We have done the largest simulation of Mott’s law in 3D[56]

with both a Monte Carlo simulation and a RRN calculation,
which allowed us to reach very low temperatures. We
reached system sizes with 10 000 sites. We have arrived at
α3 ¼ 3.6� 0.2, in relatively good agreement with Mott’s original
prediction.[57] Our range of temperatures makes appreciable
deviations due to the pre-exponential, which is well represented
by a power law with an exponent of 0.36, difficult to explain with
present theories. We performed a finite size analysis to find
the length at which the system starts being ohmic, which turns
out to vary as

l ∝ T�0.4 (23)

The slope of this law is clearly larger (in absolute value) than
the slope of the hopping length as a function of temperature,
equal to �1=4, and the two lengths basically coincide at the high
temperature range, where conduction is by diffusion. In most of
the regime suitable to simulations, and we believe that observed
experimentally, the conduction mechanism is intermediate
between diffusion and percolation. The percolation regime is
only achieved at extremely low temperatures, hardly accessible
both experimentally and numerically.

Agam and Aleiner[26] studied memory effects in VRH and
concluded that they decrease the transition rates between
normally occupied and unoccupied sites, with respect to those
between sites with the same occupation. This effect produces
a subleading contribution in the exponential dependence of
the conductivity, which in practice can be identified with a
change in the pre-exponential power law, and could explain
the divergence mentioned above with percolation theory. Our
simulation of 3D noninteracting systems is by far the largest,[56]

so we think that the most reliable constant in the characteristic
temperature is α3 ¼ 3.6� 0.2.

4.2.2. Efros and Shklovskii’s Law in 3D

Chen and Skinner[58] calculated VRH conductivity of 3D interact-
ing systems through the mapping of the standard model to a
canonical model of a completely compensated semiconductor.
They found that at low T and for long-ranged potentials, hopping
proceeds along self-organized site subspaces having fractal
dimension equal 2. They obtained for the proportionality
constant in the characteristic temperature β3 ¼ 6.4� 0.1.
Except stated explicitly, calculations on interacting systems only
consider one-electron transitions.

Roca-Gonzalez et al.[59] did a small simulation of 3D
interacting systems and they arrived at β3 ¼ 3.40� 0.02 and a
prefactor T�0.56.

We perform here a large Monte Carlo simulation of 3D disor-
dered systems with Coulomb interactions. The results are shown
in Figure 3, where one can appreciate that they span a large range
of temperatures and almost four orders of magnitude in the
conductivity. The value of the disorder energy is W ¼ 2 and
the system size 20� 20� 20. The statistical error bars of the
plotted values are smaller than the points on the graph. They
fit well an Efros and Shklovskii’s law with a power law pre-
exponential. The fitting parameters are β3 ¼ 3.2� 0.2 and an
exponent of 0.65 in the pre-exponential. The dashed line in
Figure 3 corresponds to the same law with a constant pre-
exponential and in this case one would obtain β3 ¼ 7.0� 0.3,
fairly different from the previous, more reliable value.

In the previous analysis, we have assumed that the conductiv-
ity exponent is equal to 1/2, but, given the importance of this
assumption, it is interesting to check it explicitly. We do this
by means of a variation of the so-called Zabrodskii’s plot[60] intro-
duced by Möbius,[61] which represents lnwðTÞ versus ln σ, where
wðTÞ ¼ d ln σ=d lnT . If there is no temperature dependence of
the pre-exponential factor, or if this is weak enough, the plot
is a straight line with slope equal to the exponent in the exponen-
tial function.[61] In Figure 4, we represent ln½ðln σiþ1 �
ln σiÞ=ðlnTiþ1 � lnTiÞ� versus ðln σiþ1 þ ln σiÞ=2, where σi and
Ti are the coordinates of the ith point in Figure 2. We note that
the data follow a relatively good straight line. The slope of the
fitted straight line is 0.52� 0.02, fully compatible with Efros

Figure 3. Conductivity as a function of (1/T )1/2 for a 3D interacting system
forW¼ 2. Symbols are the results of the simulations. The straight line is a
fit to Efros and Shklovskii’s law with a constant pre-exponential, while the
continuous curve is a fit with a power law pre-exponential.
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and Shklovskii’s 1=2 exponent. A fit of the conductivity data to an
exponential with a free exponent produces a value of the
exponent equal to 0.573� 0.019, compatible with the result of
Zabrodskii’s plot. We conclude that our results reproduce
Efros and Shklovskii’s law, although they are also compatible
with a steeper DOS, as obtained in ref. [62]. We would like to
remark that the 1/2 exponent was obtained by Pollak through
a powerful scaling argument that does not rely on conductivity
being due to single-electron jumps.[63,64]

The relevance or not of many-electron jumps is probably the
most important question still unsolved for VRH in interacting
systems. The importance of these type of transitions is that it
expected to increase with dimensionality, but it has not been ana-
lyzed in the context of 3D systems. As our simulation of Efros
and Shklovskii’s law in 3D systems is much larger than the pre-
vious one, we think that the most reliable constant characterising
TES is the one obtained in it, β3 ¼ 3.2� 0.2.

5. Discussion

In interacting systems, nonlinear effects are very important.
Conduction in the nonlinear regime has been simulated by sev-
eral authors, but this subject is outside the scope of this review.
This topic has drawn a lot of attention in recent years due to the
bistability observed in systems close to the superconducting
phase.[65–67] This instability is supposed to be driven by collective
many-electron jumps. The role of these jumps must be reflected
in the dependence of the dissipated power with the effective tem-
perature of the electrons and a proper study is still lacking. A first
calculation of this quantity was done by Caravaca et al.[8,68] These
authors also verified that, to a good extent, the hot electron model
applies to VRH. According to this model, the conductivity of the
system is entirely determined by an effective temperature for the
electrons Tef f and does not depend on the bath temperature T.
The existence of this effective temperature and its role in relaxa-
tion was studied numerically in ref. [69].

The role of many-electron jumps in VRH in interacting sys-
tems has not been settled until now, specially since numerical
simulations taking them into account are still very difficult to

perform. As they are influential in the bistability problem, the
study of this important question may shine light on their role.

The Zabrodskii’s plot, Figure 4, is also adequate to discrimi-
nate a possible transition from Efros and Shklovskii behavior to
Mott’s law at higher temperatures due to a thermal smearing of
the Coulomb gap. Since we do not see any bending upward in the
bottom right corner of this figure, we conclude that we do not
observe any crossover. To detect such a crossover, it would be
necessary to consider larger values of the disorder to make room,
at relatively high temperatures, for a region following Mott’s law
before reaching hopping distances of the order of the lattice con-
stant. For practical reasons, it would be convenient to study
numerically this effect in 2D systems, what nobody has done
to our knowledge, before considering 3D systems.

6. Conclusions

The kinetic Monte Carlo simulations performed up to date have
clarified many aspects of conduction in the VRH regime for 2D
systems as we have reviewed, but there are still some questions
needing clarification. For example, it would be interesting to get
from simulations the crossover from Efros and Shklovskii’s law
to Mott’s law as temperature is increased.

The situation for 3D systems is more complicated, not only
due to the computational resources needed but also because
the temperature dependence of the prefactor of conductivity
cannot be neglected. In this sense, it is surprising that there
are experiments extending over four orders of magnitude in con-
ductivity, showing no temperature dependence in the prefactor.
Possibly this is due to a cancellation between the contributions
coming from the establishment of a percolation network and
from the phonons (usually neglected in simulations).

Despite these difficulties, the advance of computer capabilities
has allowed some recent results in 3D systems. The simulation of
3D systems has just started, we believe that in a near future, we
can expect more work dealing with different topics: nonlinear
conductivity, AC response, slow relaxation phenomena, etc.
Also, the recent work of Agam and Aleiner[26] needs confirmation
from numerical simulations. The effect of correlations that they
propose should be important at low temperatures.

To conclude, in the following table, we summarize the values
that we have considered as the most reliable up to date for
the proportionality constants of the different characteristic
temperatures (Table 2).

Figure 4. ln w(T ) as a function of ln σ for a 3D interacting system. The
slope of the straight line is 0.52�0.02.

Table 2. Proportionality constants characterizing Mott’s and Efros and
Shklovskii’s characteristic temperatures in 2D and 3D systems. The last
row corresponds to the characteristic temperature of activated
behaviour in 2D systems.

Law 3D 2D

Mott α3 ¼ 3.6� 0.2 α2 ¼ 10.6� 0.4

Efros and Shklovskii β3 ¼ 3.3� 0.2 β2 ¼ 5.8

Activated – γ ¼ 1.0� 0.1
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Regarding the prefactor in all VRH laws, there are predictions
in the percolation limit, but, at least in 3D systems present
simulations do not seem to reproduce it, since they do not reach
low enough temperatures and large enough system sizes. This is
an open problem both in simulations and in real experiments.
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